I. INTRODUCTION
The Shastry-Sutherland model (SSM) serves as a paradigm to study the emergence of novel quantum phases from the interplay among strong interactions, external magnetic field, and geometric frustration in two-dimensional quantum spin systems. The model has garnered extensive interest [1] [2] [3] [4] [5] [6] [7] [8] , especially after the discovery of the spin-gap compound SrCu 2 (BO 3 ) 2 [9] and the observation of multiple field-induced magnetization plateaus therein. The compound consists of weakly coupled layers. The Cu 2+ ions carrying S = 1/2 spins in each layer are arranged in an array topologically equivalent to the Shastry-Sutherland lattice (Fig. 1) . The spins interact via isotropic Heisenberg interactions: a nearest-neighbor interaction J 1 along the x and y axes and next-nearest-neighbor interaction J 2 along alternating diagonal bonds. Figure 1 shows the phase diagram of the SSM. In the limit J 1 → 0, the model is reduced to a set of isolated dimers on the diagonal bonds, and the ground state consists of singlets on the dimers. Remarkably, this remains the exact ground state up to a finite nonzero critical value of J 1 [10, 11] . On the other hand, in the limit of J 2 → 0, the ground state is a Neél state with long-range antiferromagnetic (AFM) order that persists for small but nonzero values of the diagonal interaction J 2 . Although the nature of the ground state in the two limits has been well known, the nature of its evolution with varying J 2 /J 1 is not so clear. Whether there is a direct transition from the magnetic Neél state to the nonmagnetic singlet phase or there exists an intermediate phase had remained unresolved for a long time. Several studies based on a diverse array of approaches have variously predicted a direct transition or a number of different intermediate phases [8, [12] [13] [14] [15] [16] [17] . The general consensus has leaned towards an intermediate plaquette phase over a narrow range of J 2 /J 1 [8, 16, 17] . The most convincing evidence for the plaquette phase was recently presented in Ref. [17] based on a tensor network study.
We explore the existence of an intermediate plaquette (PL) phase in the SSM with an exchange anisotropy. Effects of both Ising-like and XY -like anisotropies on the stability of the plaquette phase are considered. The choice of model is partly motivated by its relevance to the rare-earth tetraborides RB 4 (R = Tm, Er, Dy, Tb, and Ho)-a family of layered quantum magnets whose low-energy magnetic properties can be explained in terms of an effective S = 1/2 XXZ model with Ising-like exchange anisotropy (albeit with additional longer-range interactions). But the real motivation is to gain deeper insight into the plaquette phase by studying its properties in an expanded parameter space. The model is described by the Hamiltonian,
where J ij = J 1,2 for the axial and diagonal bonds (Fig. 1 ). denotes the exchange anisotropy which is assumed to be the same for both types of bonds. Our results show that the plaquette state in the isotropic SSM persists for small values of exchange anisotropy but develops instability towards AFM ordering at sufficiently strong anisotropies-both Ising-like ( > 1) and XY -like ( < 1).
II. METHOD
We use a mean-field approach based on Schwinger boson (SB) mapping to elucidate the nature of the plaquette phases. To define the plaquette basis, we choose a square without the diagonal bond as the unit cell. There are two ways to choose such a unit cell, and they are related by the reflection operator about any diagonal bond under a periodic boundary condition. By choosing a specific arrangement as shown in Fig. 1 we have explicitly broken this reflection symmetry at the mean-field level. The spins within a plaquette interact with each other via the axial interaction J 1 , whereas interaction between neighboring plaquettes is mediated by both J 1 and J 2 . The Hilbert space of a single plaquette is composed of the sum of four S = 1/2 spins-h PL ∈ {S 1 ⊕ S 2 ⊕ S 3 ⊕ S 4 } and is spanned by a pair of singlets {|s 1 ,|s 2 }, three triplets {|t α ,|l α ,|r α }, and one quintuplet {|q α ,|q 1 ,|q 2 } with α ∈ {x,y,z}. They are the 16 eigenstates of the isotropic Heisenberg interaction on the square. The Brillouin zone in this representation is essentially the Brillouin zone of a square lattice with empty squares as the lattice points and a as the lattice constant.
We introduce 16 SB operators each of which creates an above eigenstate from a fictitious vacuum, e.g.,ŝ † 1 |∅ = |s 1 with the hard-core boson constraint,
The lattice geometry of the SSM and the phase diagram of the original (isotropic) SSM. In this paper, the unit cell is taken to be the square without the J 2 bond. The numbers label the lattice sites within the unit cell. The lattice constant a is taken to be twice the edge of a unit cell.
In terms of these Schwinger bosons, we can obtain a reducible representation of the spin operators S α n , α ∈ {x,y,z} and n ∈ {1-4} as shown in Eq. (7) (with φ = 0).
For the anisotropic model, the Hamiltonian of the unit cell can be written as
H p is the isotropic Heisenberg interaction. Because the last term does not commute with H p , the Hamiltonian is no longer diagonal in the above basis. This implies that the total spin does not conserve in general and is no longer a quantum number. But the azimuthal quantum number is still valid since [H p ,S z ] = 0. Using the SB representation of the spin operators (7) (with φ = 0) and the constraint (2), we find that only |s 1 and |q 1 are coupled in the anisotropic Hamiltonian. A straightforward diagonalization gives
The corresponding new energies are given in Appendix A.
In terms of the new SBs, the spin operators are given by
where
π, θ z = 0 and
αβγ is the antisymmetric tensor. Einstein summation convention has been applied for repeated indices except for α.
At the isotropic point, the plaquette singlet |s 1 with = 1 is the intermediate ground state between the dimer singlet and the AFM ordering. The explicit configuration of the plaquette singlet is given in Appendix A. When the anisotropy is turned on, we expect the plaquette singlet ground state to be adiabatically connected to the generalized plaquette valence-bond-solid phase described by |s 0 (4), at least for values of close to the isotropic point. Therefore, we assume the mean-field ground state to be a condensation of the generalized plaquette state |s 0 . Applying the Holstein-Primakoff approximation [18] , up to cubic terms in the bosonic operators, the Hamiltonian can be written as
H 0 is the classical ground-state energy,
N is the number of lattice sites. μ is introduced for convenience. H I describes three isolated excitations, that is with flat dispersions up to bilinear terms,
H 3 contains cubic terms in the bosonic operators. H SW describes the spin-wave excitations of the 12 flavors of bosons.
They can be decoupled into the three "directions:" x, y, and z. We define in the momentum space,
After Fourier transformation, the spin-wave Hamiltonian is given by
The matrices Q α and R α k are given in Appendix B. Equation (13) is diagonalized through Bogoliubov transformation [19] ,
Nμ. (15) n ∈ {1-4} labels the four branches of excitations in each direction α. ε
α,k 's are the excitation energies or the dispersions of the quasiparticles γ (n) α,k (Appendix C). The constant term in Eq. (15) is the energy contribution to the ground state from lowest-order quantum fluctuation described by the spin waves. The quasiparticles do not have well-defined total spin numbers except at the isotropic point. It should be noted that in the isotropic limit (the canonical Shastry-Sutherland model), the S = 2 SBsq † α,k (q α,k ) are decoupled from the remaining S = 1 SBs. As such the S = 2 states were neglected in previous studies of the plaquette phase [15] . However, they contribute to a more accurate ground-state energy through second-order perturbation theory as we demonstrate below. While this does not affect the estimation of the phase boundary, the S = 2 quasiparticles have a profound influence on the nature of the low-lying excitations, as we demonstrate below.
To get a more accurate ground-state energy, we include the contribution of the cubic terms H 3 through second-order perturbation theory. It is possible to write H 3 in terms of the 15 quasiparticle operators,
We have extended the quasiparticle operators to include the the 3 isolated excitations (11) and the 12 dispersive quasiparticles (15) . The indices α and n are absorbed in the new set of indices {a,b,c}. The nonzero contribution to the ground-state energy is given by
abc (k 1 ,k 2 ,k 3 ) are the symmetrized coefficients,
where S 3 is a symmetrization operator that sums over all the permutations of the tuple {abc} simultaneously with the Figure 2 shows the energy of the plaquette state at = 1. The large quantum correction from the cubic term is obvious, which implies its essentiality.
III. RESULTS
For large J 2 /J 1 , the ground state retains its dimer character. As J 2 increases, the J 2 bond connecting two adjacent plaquettes will dissolve the generalized plaquette singlet and form a dimer singlet. Hence, in the large J 2 /J 1 limit, the dimer singlet state remains the ground state even with the existence of the spin anisotropy. Using the standard dimer basis, it is straightforward to obtain the exact energy (per lattice site) of the dimer singlet as a function of and J 2 ,
A straightforward comparison between the two energies gives the critical point of the first-order phase transition between the plaquette and the dimer phases. The boundary separating the two ground states is shown by the solid black line in Fig. 3 . The generalized plaquette ground state extends to (slightly) larger J 2 /J 1 in the presence of exchange anisotropy. The same approach cannot be used to determine the boundary between the plaquette phase and the AFM phase at small J 2 /J 1 . Instead we study the lowest branch dispersion of the quasiparticles at various values of x = J 2 /J 1 and . We restrict ourselves to the spin-wave Hamiltonian (15) for the rest of the paper. The generalized plaquette ground state has gapped excitations. The gap reduces towards the AFM phase (small x = J 2 /J 1 ), and the lowest excitation becomes gapless at the phase boundary where the system undergoes a continuous 094440-3 phase transition from the plaquette ground state to the AFM ground state. The excitation becomes unstable within the AFM phase. The stability condition gives the phase boundary between the plaquette state and the AFM state, the blue line in Fig. 3 . We observe that the plaquette ground state extends only over a finite range of . A sufficiently strong anisotropy-both Ising-and XY -like-drives a transition to the AFM state. The AFM-PL phase boundary ends at two critical points-E2 = (1.51,1.3) and E3 = (1.65,0.33)-beyond which there is a direct AFM to dimer transition. For = 1, the boundary of the plaquette phase is found to be 1.25 J 2 /J 1 1.46, in good agreement with the results from more rigorous tensor network calculations [17] .
The most interesting outcome of the present study is the nature of the low-lying excitations in the plaquette phase. The lowest excitation is gapped with a quadratic dispersion at the minimum. The gapped nature is shown for = 1 in the inset of Fig. 3 . As one approaches the AFM-plaquette boundary, the dispersion at the minimum changes to linear at the boundary along with the vanishing of the gap along expected lines. The unexpected finding is the change in the position of the minimum. Over a majority of the plaquette phase, the minimum is at k = (0,0), consistent with previous studies. However, there exists a separatrix, shown in red in Fig. 3 , at which the location of the minimum gap splits from k = (0,0) into four points. The fourfold degenerate points are closed under the Z 4 symmetry group generated by the transformation (k x ,k y ) → (−k y ,k x ). As shown in Fig. 4 (x 1 = 1.450, 1 = 1.21) and (x 2 = 1.448, 2 = 0.63). The boundary between the AFM and the PL1 can be expressed in a closed form
The -dependent e α is given in Appendix B. The boundary between the PL2 and the AFM phases cannot be expressed in a closed form and is instead computed by numerically solving for the parameters where the (fourfold degenerate) gap to the lowest excitation vanishes. The nature of the low-lying excitation in PL2 is contrary to previous calculations of low-energy excitations [16] in the Shastry-Sutherland model where the minimum of the lowest excitation (in the limit = 1) was always found to be at k = (0,0). The discrepancy is explained by noting that only thet α branch was considered in the calculation of the excitation spectrum in Ref. [16] , whereas we retain all the SBs in our calculations. The qualitative change in the character of the excitation underscores the fact that the low-energy physics has significant contributions from the additional SBs. The boundary separating the plaquette valence-bond phases with distinct low-energy excitation is determined by studying the nature of the dispersion of the lowest excitation branch at k = (0,0) and determining the parameter values (J 2 /J 1 and ) where it changes from a minimum to a (local) maximum (Appendix C). It is interesting to note that our estimate of the boundary between the plaquette valence-bond phase and the dimer phase at the isotropic point, viz., J 2 /J 1 = 1.456 agrees well with that from the tensor network calculations, although the nature of the lowest excitation branch that drives this transition (by getting soft at the phase boundary) is distinct from previous results. It is worth mentioning that the boundary between PL1 and PL2 is not smooth at = 1 as a consequence of the different natures of the excitations in the Ising-like and XY -like regions.
To summarize, we have used a plaquette basis to obtain the stability range of a generalized plaquette valence-bond solid as the ground state of the Shastry-Sutherland model with exchange anisotropy. We found that the plaquette state survives for a finite range of anisotropies-0.33(1) 1.30(1), 1.25 J 2 /J 1 1.650(1)-and is unstable towards AFM ordering for both Ising-like ( > 1) and XY -like ( < 1) anisotropies. At the isotropic point, our result agrees well with those obtained from the variational tensor network method using infinite projected entangled-pair states-a more accurate computational method [17] . However, more insight into the plaquette phase is obtained from the current approach. This is manifested by the surprising finding that the lowest excitation branch changes its nature qualitatively as one approaches the dimer phase while still maintaining the plaquette nature of the ground state.
